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Let p(r) = x;=, a,,:’ be a polynomial of degree n and let M(p, r) = 
maxIi,=, 1,11(z)). It has been shown that ifp(z)#O in (~1 < 1, then for O<r<p< 1, 
M(p, r) > (( 1 + r)/( 1 +p))“M( p. p). The result is best possible and for p = 1 it 
ieduces to a result of Rivlin. Besides it has been shown that if in addition p’(O) = 0, 
then the bound can be considerably improved. ‘I3 1985 Academic Press. Inc 
1. INTRODUCTION AND STATEMENT OF RESULTS 
Let p(z) = C;=O a,z’ be a polynomial of degree n, and let - 
M(p, r) = maxIZ, =r 1 p(z)l. The following results concerning the size of 
M( p, r) are well known. 
THEOREM A (S. Bernstein, cf. [ 11). rf p(z) = x:=, a,zy is a polynomial 
of degree n, then 
M(p, R)dR”M(p, 1) for R3 1, (1.1) 
with equality only for p(z) = ;1z”. 
THEOREM B (Zarantonello and Varga [S]). If p(z) =C:=0 u,zy is a 
polynomial of degree n, then 
Mp, r) b r”M(p, 1) for r< 1, (1.2) 
with equality only for p(z) = AZ”. 
For polynomials not vanishing in (z[ < 1, Rivlin [4] proved 
THEOREM C [4]. Zf p(z) =C;=O u,z’ is a polynomial of degree n, 
p(z) #O in (zl < 1, then 
l+r n 
M(p, r)> -j- ( > M(p, 1) for rdl. (1.3) 
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The result is best possible with equality only for the polynomial 
p(z) = ((A + uz)/2Y3 I4 = lul. 
In this paper we prove the following generalization of Theorem C. 
THEOREM 1. If p(z) = Et=0 a,,z’ is a polynomial sf degree n, having no 
zeros in (21 < 1, thenfor Odrbp< 1, 
l+r * 
Wp,r)> l+p ! ) - WP, P). (1.4) 
The result is best possible and the equality holds for the polynomial 
p(z) = ((1 + z)/(l + P))“. 
If polynomial p(z) has all its zeros on Iz( = 1, the polynomial 
q(z) =z”p(l/z) also has all its zeros on Jz/ = 1. Further, if 1 <p < r, then 
l/r 6 l/p < 1, and we can apply (1.4) to the polynomial q(z), obtaining 
which is equivalent to 
l+r ’ 
Ww-)2 l+p ( ) ~ M(P? a). 
We thus get 
COROLLARY. If p(z) =CzZO a,z’ is a polynomial of degree n having all 
itszeroson lz\=l, thenforO<r<p<l,andfor l<pbr, 
l+r n 
Wp,r)>, 1 +p ( > - WP, a). 
The result is best possible and equality holds for the polynomial 
p(z) = (1 + z)“. 
If in Theorem 1 we also assume p’(0) = 0, the bound in ( 1.4) can be con- 
siderably improved. We in fact are able to prove 
THEOREM 2. Zf p(z) =C;=O a,z’ is a polynomial of degree n, having no 
zerosin lzl<l,p’(O)=O, thenforO<r<pQl, 
l+r ’ ( )I 1 Wp, r))a l+p l-(l-p)(p-r)n l+r ‘--I M( PY P). (1.5) 4 (11 l+P 
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Theorem 1 is best possible, however, if 0 < r < p < 1, then for any 
polynomial p(z) having no zeros in ]z] < 1, and p’(O) =O, the bound 
obtained by Theorem 2 is sharper than the bound obtained by Theorem 1. 
We illustrate this by means of the following examples. 
EXAMPLE 1. p(z) = 1 + z3, p = 0.5, Y = 0.1. Theorem 1 gives M( p, r) > 
(0.3943704) M( p, p), while by Theorem 2, M( p, r) > (0.4289743) M( p, p). 
EXAMPLE 2. p(z) = 1 + z’, p = 0.168, r = 0.022. Theorem 1 gives 
M(p, r) 2 (0.3926959) M( p, p), while by Theorem 2, we have M( p, Y) > 
(0.4341115) M( p, p). 
2. LEMMAS 
We need the following lemmas. 
LEMMA 1. Ifp(z) =C;+a,,z’ is a polynomial of degree n, p(z) has no 
zeros in the disk JzJ <K, K>O, p’(O)=O, 0-c Ial <K, then for any 5, 
ltll < K211al, and I4 = Ial, 
(t -z) P’(Z) f rip(z) Z 0. (2.1) 
We omit the proof as it follows easily from a result of Walsh 
[6, Lemma 31. 
LEMMA 2. Zf p(z) =CrEO a,,z’ is a polynomial of degree n, p(z) has no 
zeros in the disk IzI <K, K> 1, p/(0)=0, then for IzI = 1, 
K2 I P’(z)I G Mz)l, (2.2) 
where q(z) = z”{ p( l/Z)}. 
This lemma follows easily on applying Lemma 1 and arguments similar 
to that used in Malik [3, Lemma 33, so we omit the proof. 
LEMMA 3. If p(z)=C:=, a,,z” is a polynomial of degree n, then on 
lzl = 1, 
IP’(z)I + Id(z)1 bn ~2; I P(z)I, z (2.3) 
where q(z) is as defined in Lemma 2. 
This lemma is a special case of a result due to Govil and Rahman [2, 
Lemma lo]. 
409,‘112 l-17 
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The following lemma is of independent interest and follows on combin- 
ing Lemmas 2 and 3. 
LEMMA 4. If p(z) = C:= ,, a,,z’ is a polynomial of degree n, having no 
zeros in IzI <K, K3 1, p’(O)=O, then 
The result is best possible with equality for the polynomial p(z) = 
((z’ + K”)/( 1 + K’))““, n being even. 
If we apply Lemma 4 to the polynomial p(z’), we get the theorem due to 
Malik [3]. 
LEMMA 5. If p(z)= C;=0 a,z’ is a polynomial of degree n, having no 
zeros in IzI -c K, K>O, then 
,;,=y$<l IP( +g’j$; lP(Z)l. 
. 3. (2.5 1 
The result is best possible with equality for the polynomial p(z) = (z + K)“. 
We again omit the proof as its follows easily on using arguments imilar 
to that used in Rivlin [4, Theorem 11. 
3. PROOFS OF THE THEOREMS 
Proof of Theorem 1. Since the polynomial p(z) has no zeros in IzI < 1, 
the polynomial p(pz) has no zeros in IzI < l/p, l/p > 1. Further since r 6 p, 
hence by Lemma 5, 
which is equivalent to 
and the proof of Theorem 1 is complete. 
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Proof of Theorem 2. If p(z) has no zeros in IzI -C 1, and 0 < t d I, then 
P(z) = p(tz) has no zeros in Iz( < l/t, where l/t > 1. Also P’(0) = q’(0) = 0, 
hence by Lemma 4, 
which gives 
max ) tp’(tz)l < ’ 
I-1 = 1 
z max I p(tz)l, 1 + l/r I;\=1 
y”=“r IP’(Z)l G z + ;“” IP(Z 2 I 
For O<r<p< 1, we have 
1 p(pe”) - p(re”)l = j” e”p’( te”) dt 
r 
6 
s 
’ Ip’(te”)I dt 
i- 
(3.1) 
s 
P 
d Lmax [p(z)/ dt 
r 1 +t* lzl=I 
nM(p,r) Pf(l+t)n 
= (l+r)” 5 r l+t* dt’ 
which gives for O<r<p< 1, 
l+P n 
= l+r (4 [ 
1- (l-p)(~-r) 
( l+r) {l-(+j$y}]M(p’r) 
(1 +m +p) 1 -l+p 
258 N. K. COWL 
from which Theorem 2 follows. 
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